The concept of weak measurement and associated weak value amplification has sharpened our understanding of the measurement process in quantum mechanics. Recent experiments show that elastic scattering events in resonance fluorescence experiments can exhibit weak value amplification effect, by post-selecting a particular measurement outcome. In this article, we theoretically analyse the physics behind this amplification process. We show that, in general, weak interaction and the associated weak value amplification in resonance fluorescence can be derived from the wellknown theory of spontaneous emission put forth by Wigner and Weiskopff. Using this theory we show that in the elastic scattering regime of resonance fluorescence, weak value amplification helps in segregating rare events. To our knowledge, weak value amplification has not been applied earlier in the time domain as a potential tool to study rare events.
Introduction
WEAK measurement refers to a measurement process on a quantum system by a measuring device, during which the system experiences very little perturbation. This concept was first introduced by Aharonov et al. 1 . Weak measurement can also be generalized to indicate weak interaction between the system and the observable. It was pointed out subsequently that, under suitable conditions, a projective post-selection of the outcome of interaction can substantially alter the value of the measured observable from its value obtained by measurements without postselection 2 . For nearly orthogonal initial and final states, the weak value of the observable associated with the weak interaction can even get substantially amplified. Such an amplified value for the measured outcome of the observable due to post-selection is referred to as weak value amplification. Weak value amplification was theoretically shown to be useful in situations where the measurement is dominanted by technical noise and not by the shot noise of the detector 3, 4 . Experiments demonstrating weak measurements and/or weak interactions have been performed earlier. Using an Young's double slit experimental set-up, the average trajectories of photons exiting either of the two slits, have been mapped 5 .
Since weak values can even be complex, it has enabled direct measurement of complex probability amplitudes as is shown in the literature 6, 7 . Experiments demonstrating weak value amplification have also been performed. These amplify effects that would otherwise be too small to be measured 8, 9 . In a recent experiment, Shomroni et al. 10 measured an imaginary weak value in their experiment, which also exhibited weak value amplification for appropriately selected initial and final states of the system. Their system was an atom, initially prepared in a superposition of excited levels of a V-type atomic-level configuration, interacting with its electromagnetic bath environment ( Figure 1 ). After post-selecting the final state of the system by measuring the appropriate polarization state of the elastically scattered light, they showed that for nearly orthogonal initial and final system states, the time of arrival of atoms is delayed compared to the typical timescale of excited state decay.
In this article, we derive mean transit time of atoms when an atom goes from an initial excited state to a designated final state using the well-known Weiskopff- Wigner theory of spontaneous emission. Using this theory, we show that the extended excited state lifetime seen in Shomroni et al. 10 is the time associated with the atom changing from an initial superposition state configuration of excited states to another excited state configuration which is nearly orthogonal to the initial state. Since this is an elastic scattering event, this configuration change occurs without the decay of the atom to the ground state. In regular resonance fluorescence measurements without post-selection, the scattering is dominated by atoms decaying from the excited state to the ground state. We thus show that in this elastic scattering regime of resonance fluorescence, the weak value amplification effect has captured a rare event which would have otherwise not been possible to observe. The simplicity of our theory allows its applicability to systems with multiple (more than two) excited states and allows for experimental observation of excited state configurational changes.
Weak value amplification
The weak value of an observable is defined as the firstorder truncated value of the observable evaluated between specific initial and final states of the system during a weak interaction 11 .
This value determines the probability of the system going from the initial state |i to the final state | f  under a unitary evolution (with  taken to be equal to 1)
The small parameter  makes the interaction of Â with the system weak. For nearly orthogonal initial and final states and under conditions which still justify the linear truncation of the interaction 2 , the weak value A w gets amplified. This is called the weak value amplification effect associated with the observable A through a weak interaction defined by the small parameter .
Weak value amplification in resonance fluorescence
Resonance fluorescence typically refers to the scattering of light by an atom when the driving light frequency  is close to resonance with the energy level separation  0 of the atomic levels. There are two main regimes of resonance fluorescence-elastic scattering or Rayleigh scattering regime and inelastic scattering regime 12 . The atomic dipole induced by the incident light can be broken into an average dipole orientation and a fluctuating dipole where the orientation changes randomly (Figure 2 ). Elastic scattering arises from the non-fluctuating part of the induced dipole when the incident light intensity is low with a saturation parameter S  1. S = 1 refers to half the number of atoms being in the excited state at any given point of time.
In the elastic scattering regime, the atom does not change its state of energy. The light is forward-scattered predominantly and the emitted light is phase-coherent with the incident light. In this regime, the phase change undergone by the light is directly correlated to the phase change undergone by the atomic dipole.
In a V-system configuration of the kind shown in Figure 1 , a weak scattering regime can be identified when the separation  between excited state levels is taken to be much smaller than , the line-width of the excited states. This is a weak scattering regime owing to interference effects arising between elastically scattered photons from either of the excited states. Having prepared the initial state of the atom in a particular superposition state of the excited levels
subsequent elastic scattering events can be studied with the atom in the state |i interacting with the vacuum modes of the bath field surrounding the atom. In elastic scattering regime when the atom does not decay to the ground state, any phase change experienced by the scattered light originates from phase change of this initial superposition state |i. Thus by choosing the appropriate polarization state of the scattered light by a suitable orientation  of a polarizer, or a half-wave-plate, we can detect a particular final superposition state | f  of the atom. For weak value amplification effects, this final system state is so chosen that it is nearly orthogonal to the initial state |i.
Experimentally, this is achieved by polarization selected measurement of the forward scattered light whose polarization is at an angle  = 90 +  to the incident polarization direction at  = 0. Here the value of  lies between 0 and 1. 
Weiskopff-Wigner theory for resonance fluorescence from a V-system
In this section, we give a brief outline of the WeiskopffWigner theory which is used to derive the weak value amplification effect, seen in resonance fluorescence from a V-system 10 refer to the probability amplitudes that the atom decays to the ground state |g from either of the excited states, emitting a photon in the appropriate mode labelled by the propagation vector of the emitted photon k or k and its polarization state s or s. We take the atom to be initially in the state |i given by eq. (3). Thus | in  = |i. The atom is surrounded by the vacuum modes of the electromagnetic bath field. The Hamiltonian of this system of atom and bath is given by
.c.,
where  ij = |i j | and
is the coupling of the electromagnetic modes of the bath with the excited state of the atom. Here d is the induced dipole moment vector and  k,s is the unit vector representing the polarization direction. w + and w -refer to the energies of the excited states |+ and |−, with ground state energy taken to be the zero of the energy scale. Consider the Schrödinger wave equation
In order to evaluate the probability that the atom which was in |i state at t = 0, gets elastically scattered at a later time to the nearly orthogonal | f  state, we take the inner product of eq. (6) with  f, 0 k,s |, g, 1 k,s | and g, 1 k,s | separately on both sides. This gives us
, k s g and using the fact that the separation between the excited states is less than that of the width of their energy level, i.e.   , we take w +  w − , thereby making w = (w + + w − )/2. This reduces the equations to a simpler form given by
We solve this coupled set of equations by taking the summation over two orthogonal circular polarization states which give rise to the corresponding dipole moments and over the continuum of k states. Since  is small, we replace cot  by 1/. We then obtain for a(t)
where
 and a(0) = 1. Here a(t) represents the probability amplitude that the atom which was in state |i will get elastically scattered to state | f . Plotting the modified lifetime
with experimental values of  = 600 kHz and  = 6 MHz reported in Shomroni et al. 10 , we get the mean lifetime of atoms going from |i to | f  as a function of  as shown in Figure 3 . It is clearly seen from the plot that for small values of , the mean lifetime increases compared with the decay lifetime 1/ during which the atom decays from the excited state to the ground state. This effect of increase in mean lifetime was measured and reported in figure 3 b of Shomroni et al. 10 and a remarkable qualitative and quantitative agreement between our theory and the experimental result is seen.
Using our theory, we see that, as the | f  state becomes more and more orthogonal to the initial state |i, the time taken for scattering between the states increases. Without post-selection, these events would not have been possible to observe as the scattering will be dominated by events with a typical timescale 13 of 1/ that takes the atom from |i to |g. Thus we have found that by appropriate choice of post-selected states in a weak interaction regime, it is possible to single out a rare event using weak value amplification effect.
Conclusion
Under resonant interactions between atom and light, elastic scattering events dominate in the low saturation limit. These scattering events coherently map phase changes experienced by induced atomic dipoles to the phase of the scattered light. A weak interaction regime in elastic scattering of light from a three-level V-type atomic configuration of levels is established, when the separation between the two closely spaced excited states is very small compared to the decay rate of excited state atoms to the ground state. We show using the Weiskopff-Wigner theory of spontaneous emission, that in such a weak scattering regime an increase in lifetime occurs for events where an observable takes the atom between nearly orthogonal excited state superpositions. The increased time signifies the rarity of such scattering events. Thus our theory brings out the fact that, it is possible to single out a rare event using weak value amplification which would otherwise not be possible to observe. We have thus shown that weak value amplification can be applied in the time domain. This opens the possibility to observe the otherwise impossible-to-observe excited state configurational changes before the atom decays to the ground state. 
